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ABSTRACT 
Longitudinal vibrations of a finite rod with mate-
rial damping and frequency dependent material properties 
are examined. The normal mode method is used to inves-
tigate the transient response of a rod which is free to 
move in the longitudinal direction and is subjected to a 
transient longitudinal loading condition at one end. The 
equations of motion are derived and solved using both the 
differential equations approach and the energy methods 
approach of the normal mode method. The effects of mate-
rial damping and frequency dependent material properties 
are considered by formulating the stress-strain relation 
for the material such that the modulus of elasticity and 
an equivalent viscous damping coefficient are functions 
of the normal modes. Consequently the modulus of elas-
ticity and equivalent viscous damping coefficient are 
functions of the frequency of vibration. Results of the 
analysis are compared with published experimental results. 
iii 
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I. INTRODUCTION 
The purpose o£ this investigation is to adapt and 
apply the normal mode method to the analysis o£ transient 
1 
longitudinal vibrations o£ a finite rod with material damp-
ing and frequency dependent material properties and to com-
pare the results o£ this analysis with published experimen-
tal results. 
As defined by Lazan and Goodman (1961, p. 1), "Mate-
rial damping is a name for the phenomenon by which energy 
is dissipated in a vibrating mechanical system consisting 
o£ a volume of macrocontinuous (solid) matter. •• This de£i-
nition o£ material damping excludes energy trans£er due to 
interactions at inter£aces, such as acoustical radiation 
and interface £riction. 
where 
I£ a small uniaxial sinusoidal stress, 
cr = 00 eiwt 
OQ = stress amplitude 
w = frequency o£ vibration 
t = time, 
is applied to an element o£ material, the resulting 
uniaxial strain can be expressed in the £orm 
E. =C.oei(Wt-¢) 
where 
E 0 = strain amplitude 
W - frequency of vibration 
t = time 
¢ - phase angle between stress and strain. 
A complex Young's modulus, E*, may then be defined as 
the ratio of stress to strain, 
·cp 
E* = <r(e = ( 0'"0 / €. 0 ) e 1 • 
The complex Young's modulus may be written in the form 
E* = E1 + iE2 
where E1 and E2 are commonly referred to 
as the storage 
modulus and loss modulus respectively. The complex 
Young's modulus may also be written in the form 
E* = E1 ( 1 + i.f3 ) 
where 
.f3 = E2 / E1 = tan ¢ . 
The value,~· is commonly referred to as the loss factor. 
The loss factor is widely used as a measure of material 
damping. See for example Ungar and Hatch (1961), Ungar 
(1963), and Lazan (1968). 
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As noted by Lazan and Goodman (1961, p. 22), for low 
stress levels the storage modulus and loss modulus of a 
given material are often quite dependent on frequency and 
temperature. The dependence of these material properties 
on frequency and temperature is characteristic of anelas-
tic properties in metals and viscoelastic properties in 
plastics and rubbers. 
For this study constant temperature will be assumed. 
The material properties will be treated as functions of 
3 
frequency for a given temperature. In addition, this study 
will be limited to stress levels that are small enough so 
that the stress-strain relations are reasonably approxima-
ted by linear relationships. That is, the storage modulus 
and loss modulus are independent of stress amplitude. 
For the purpose of comparing the results of analysis 
performed in this investigation with published experimen-
tal results, the problem has been formulated to correspond 
with the experimental study described by Norris (1967). 
In Norris' experiment a circular cross section polyethylene 
rod was supported laterally on smooth supports (Teflon 
bearings) and excited longitudinally at one end by a pres-
sure pulse transmitted to the polyethylene rod by a pendu-
lum striker-anvil bar set-up. A crystal stress transducer 
hooked up to an oscilloscope was used to experimentally 
determine the loading on the end of the polyethylene rod 
as a function of time. The response of this rod to the 
load was determined experimentally at three locations along 
its JO inch length. Velocity pickups were located at 10 
and 20 inches from the end of the rod where the load was 
applied. A capacitor pickup was located at the far end of 
the rod. Material properties for the polyethylene rod had 
been determined experimentally by Philbrick (1965). 
In summary, the special features of Norris' experi-
ment which make it particularly suitable for comparing the 
analytical results of this study area 
1. Experimentally determined loading conditions and 
response of the polyethylene rod are given. 
2. The rod was excited into longitudinal vibration. 
J. The magnitude of the loading was small enough that 
the material would be expected to behave like a 
linear viscoelastic material. 
4. Material properties for the polyethylene rod are 
given as a function of frequency. 
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5. The loss factor for the polyethylene was large 
enough so that material damping would be a signif-
icant factor in the response of the rod. 
Kolsky (1956) performed experimental and analytical 
studies on the transient longitudinal vibrations of visco-
elastic rods. In these experiments the rods were supported 
laterally with long support wires and excited into vibra-
tion by exploding a small charge at one end of the rod and 
detecting the response of the far end of the rod with a 
capacitor pickup. Kolsky obtained an integral expression 
for the displacement of these rods due to the longitudinal 
impact load. Using experimentally determined material 
properties he numerically evaluated the integral to com-
pare the analytical and experimental results for the re-
sponse at the far end of the rod. The analytical results 
were normalized since the absolute magnitude of the input 
load was not known. In addition the analytical response 
of the rod was determined for a rod 70 centimeters in 
length and compared with the shape of the response deter-
mined experimentally for a rod 60 centimeters in length. 
By experimentally determining the magnitude and shape 
of the transient load Norris (1967) eliminated a variable 
in the analysis and provided a means for an absolute com-
parison of analytical and experimental results. 
Norris (1967) formulated the problem so that the 
material properties are functions of time. He then used 
the Fourier transformation to transform the time variable 
into the frequency domain where the material properties 
can be introduced as functions of frequency. Norris then 
obtains an integral expression for the velocity response 
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of the rod at any time or location along the rod and numer-
ically evaluates the integral to determine the response of 
the rod. He shows good agreement between his analytical 
and experimental results. 
The progressive wave solution obtained by Norris 
(1967) is suitable for the analysis of a semi-infinite rod, 
but does not consider stress wave reflections at the ends 
of a finite rod. With respect to the longitudinal vibra-
tion of elastic rods Kolsky (1958, p. 609) has noted that 
" ••• if the measuring end is free, the wave reflected back 
along the cylinder will result in doubling of the particle 
velocity; •••• " This effect will be examined in greater 
detail in this investigation. 
To the author's knowledge a standing wave solution 
using the normal mode method has not been applied to the 
6 
problem of analytically determining the transient response 
of a finite rod with material damping and frequency depend-
ent material properties. Special features of the normal 
mode method make this method of interest for studying this 
problem. 
As noted by Hurty and Rubinstein (1964, p. 278), "The 
normal mode method is characterized by the fact that the 
differential equations of motion are decoupled when the 
displacements are expressed in terms of the normal modes." 
Hence each individual mode can be treated separately as a 
single degree of freedom system with spring, mass, and 
dashpot characteristics associated with that mode. Since 
each mode vibrates at its natural frequency for free vibra-
tions, the spring and damping characteristics can be ex-
pressed as a function of the mode and consequently of fre-
quency. Hence an equivalent viscous damping characteris-
tic can be identified with each mode so as to correspond 
with the value of material damping for the natural fre-
quency associated with that mode. 
By using the normal mode method the response of each 
mode can be determined separately and the individual 
responses can be summed to obtain the total response of 
the rod. 
Although the normal mode method is applied to a spe-
cific problem in this study, the principle would be ex-
pected to apply to other types of structural geometries 
and loading conditions. The finite rod provides a simple 
7 
structure to develop vibration analysis methods which might 
be extended to more complex structures. 
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II. REVIEW OF LITERATURE 
Studies on the damping properties of solid materials 
were started almost two hundred years ago. In a review 
article, Lazan (1962, p. 82) points out that ''In 1784 
Coulomb in his 'Memoir on Torsion' speculated on the micro-
structural mechanisms of damping, recognized that the mech-
anisms operative at low stresses may be different from 
those at high stress, and described experiments which 
proved that the damping of torsional oscillations is not 
caused by air friction but by internal losses in the mate-
rial." 
By propagating longitudinal sinusoidal waves along 
slender rods or filaments which were sufficiently long for 
reflection from the opposite end to be negligible Ballou 
and Silverman (1944), Nolle (1947), Hillier (1949), Ballou 
and Smith (1949), and Hillier and Kolsky (1949) experimen-
tally measured viscoelastic properties of various plastics 
and rubbers at audio frequencies. 
Hopkinson (1914) devised an experimental arrangement 
to study longitudinal pulse propagation in slender elastic 
rods. In Hopkinson's experiments a long cylindrical steel 
bar was supported in a horizontal position by four threads 
so that it would swing in a vertical plane. By detonating 
an explosive at the firing end of the rod or by impacting 
the end with a bullet, Hopkinson produced a pressure pulse 
in the rod. He then was able to determine the duration of 
the pulse and the maximum value of the pressure in the 
pulse. He did this by experimentally determining the 
momentum in the rod and the momentum trapped in a time-
piece attached to the far end of the rod after the pres-
sure pulse was reflected from the far end of the rod. 
This experimental arrangement is known as the Hopkinson 
pressure bar. 
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As noted by Kolsky (196), p. 91) "Although 
the Hopkinson bar has the advantage of simplic-
ity, it suffers from two serious limitations. 
First •••• it does not give the shape of the 
pressure time curve of a pulse but only its 
duration and the value of the maximum pressure. 
Secondly, the tension necessary to break the 
joint between the bar and the time-piece intro-
duces an unknown variable into the experiments 
and precludes the use of the apparatus for the 
measurement of pulses of small amplitude." 
With the development of electronic equipment Davies 
(1948) replaced the time-piece used by Hopkinson with a 
condenser unit electrically hooked-up to a cathode ray 
oscillograph. With this modification Davies was able to 
obtain a graph of the longitudinal displacement at the free 
end of an elastic rod due to an applied pressure pulse. 
Nolle (1949) performed experimental studies to deter-
mine Young's modulus for a range of frequencies and tern-
peratures in Buna rubber. Nolle expressed his results in 
terms of a complex Young's modulus in the form E1 + iE2 
where E1 is a measure of the materials elastic restoring 
force and E2 is a measure of the mechanical loss in the 
material. 
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As discussed by Kolsky (1963, p. 159) "The 
basis of this notation is the assumption that at 
any one frequency the material may be considered 
as a Voigt solid for which the stress-strain 
relation will be of the form 
CT= E€+ E' dE dt (see equation ••• ). 
E is here Young's modulus and E' is the •coef-
ficient of normal viscosity'." 
Kolsky goes on to show that, if the material is 
excited into sinusoidal vibrations of frequency w radians 
per second, the steady state stress-strain relation can 
be written as 
CT= (E + ic.JE')E. 
In Nolle's notation E1 corresponds to E and E2 corre-
sponds to WE' • 
Lee and Kanter (1953), Glauz and Lee (1954), Morrison 
(1956), and Lee and Morrison (1956) performed analytical 
studies of pulse propagation in rods for which the stress-
strain relations were characterized by various viscoelas-
tic models containing two-four parameters in the model. 
While the results of these studies were of qualitative 
value and analytical interest, experimental work on pulse 
propagation in viscoelastic solids was sorely lacking. 
Kolsky (1956) used an experimental arrangement simi-
lar to that of Davies (1948) to study longitudinal pulse 
propagation in several viscoelastic rods. As discussed 
previously, Kolsky analytically determined the response 
at the measuring end for a rod 70 centimeters in length 
and compared it with the shape of the response determined 
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experimentally for a rod 60 centimeters in length. 
An important concept that Kolsky has pointed out in 
this article is that realistic viscoelastic materials are 
characterized by simple viscoelastic models only for very 
limited ranges of frequency. In order to obtain more 
accurate analytical predictions for vibrations in visco-
elastic rods, material properties must be accurately mod-
eled over a wide range of frequencies. In subsequent 
articles Kolsky (1960) and (1965) has re-emphasized this 
fact. 
In the late 1950's and early 1960's a number of 
review articles covering the areas of material damping, 
viscoelastic material properties, and propagation of 
viscoelastic stress waves appeared. Notably Derner (1956) 
tabulated an extensive review of the material damping 
field. Ferry (1961) compiled a text showing experimen-
tally determined viscoelastic materials properties as 
functions of time and frequency. Hunter (1960) discussed 
the status of viscoelastic stress wave studies. Lazan 
and Goodman {1961) co-authored a chapter on "Material and 
Interface Damping" in the Shock and Vibration Handbook. 
More recently Lazan (1968) has prepared a text which 
gives extensive coverage to the field of material damping 
in general. 
As noted previously, Norris (1967) expanded on the 
experimental work performed by Kolsky {1956). By experi-
12 
mentally determining the magnitude and shape of the tran-
sient load applied at the loading end of the rod, Norris 
was able to provide a means for an absolute comparison of 
analytical and experimental results. 
In his analytical work Norris (1967) has obtained a 
progressive wave solution to the problem and compared 
these results with his experimental results. He shows 
good agreement between his analytical and experimental 
results. 
Recently Knauss (1968) has obtained a progressive 
wave solution for the longitudinal vibration of a rod for 
the purpose of comparison with other analytical studies. 
Although realistic material properties are used in his 
analysis, no comparison with experimental results is made. 
Stevens and Malvern (1970) performed experimental and 
analytical studies similar to Norris' study. However only 
a progressive wave problem was treated both experimentally 
and analytically. 
In the present study, the author obtains a standing 
wave solution to the experimental problem described by 
Norris (1967). This approach is expected to account for 
stress wave reflections at the free ends of the rods. To 
facilitate this study the normal mode method has been 
adapted and applied to this problem. 
Hurty and Rubinstein (1964, p. 278-307) show how the 
energy method approach of the normal mode method can be 
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used to solve vibrations problems where material damping 
is considered. Snowdon (1968, p. 146) discusses the 
differential equations approach to similar type problems. 
In both of these approaches, however, the modulus of elas-
ticity and the damping factor are considered to be inde-
pendent of the mode and consequently independent of 
frequency. 
In order to apply the techniques of the normal mode 
method to the analysis in this study of materials with 
frequency dependent material properties, the stress-
strain relation for the material was formulated so that 
the modulus of elasticity and an equivalent viscous damp-
ing coefficient are functions of the normal modes and 
consequently are functions of the frequency of vibration. 
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III. DERIVATION AND SOLUTION OF EQUATIONS OF MOTION 
In the following derivation and solution of equations 
of motion for the longitudinal vibration of a finite rod, 
two approaches of the normal mode method are used. These 
approaches are the differential equations approach and the 
energy methods approach. 
The experimental arrangement for which the analytical 
formulation is being derived is shown schematically in 
Figure 1. This corresponds to the experimental study de-
scribed by Norris (1967). 
A free body diagram for the polyethylene test rod is 
shown in Figure 2. This is used for reference in deriving 
the equations of motion. 
A. Differential Equations Approach 
Consider the incremental segment, 8x, of the rod 
shown in Figure 2. The rod is subjected to longitudinal 
uniaxial loading where 
F = F(x,t) = external load per unit length 
acting on rod. 
Clxx = ~x(x,t) = uniaxial stress in rod. 
N: = fA 8x = mass of incremental element. 
p = density of material. 
A = irrd2 = cross-sectional area of rod. 









































































Soc = length of incremental element 
u = u(x,t) = displacement of incremental 
element 
x = position along rod 
L = length of the rod 
t - time 
Summing forces in the x-direction 
~ a2 L F(x-direction) = Yl ~t~ ( 1) 
gives 
(0: + 0 0'"xx8x)A- cr. A + FOx= pAOx0
2
u • (2) 
XX ax XX ()t2 
Collecting terms results in the expression 
(3) 
Let 
P = P(x,t) = F/A ( 4) 
which corresponds to an external pressure loading per 
unit length. Substituting the relation given in 
equation (4) into equation (3) gives 
(5) 
This corresponds to the expression given by Snowdon 
(1968, p. 146). 
As noted by Kolsky (1963, pp. 41-43) two assumptions 
implied in an expression describing the uniaxial longi-
tudinal vibration of a rod includes 
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1. Plane cross-sections of the rod remain plane dur-
ing the motion. 
2. Stress over the cross-section of the rod is uni-
form. 
Hence the effects of geometric dispersion are implicitly 
neglected in equation (5). For rods in which the length 
is large in comparison to the lateral dimensions, these 
simplifying assumptions are normally appropriate. 
For the problem under consideration the pressure 
load per unit length P{x,t) is concentrated on the end of 
the rod at x = 0 and is a function of time. This can be 
expressed mathematically in the form 
where 
P(x,t) = 00 {x) p(t) for 0 ~ x -s L 
t ~ 0 
8 (x) =Dirac delta function. 
0 
(6) 
Since the rod is free to move in the longitudinal direc-
tion and is initially at rest the following boundary con-
ditions are appropriates 
~x(O,t) = ~x(L,t) = 0 ( 7) 
u(x,O) = ~u(x,O) = 0 (8) 
Equations (5) through (8) along with an expression 
relating stress and strain provide a mathematical formu-
lation of the physical problem described in the experimen-
tal study performed by Norris {1967). The stress-strain 
relation will be derived later in this analysis. 
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According to Snowdon (1968, p. 146) the normal modes 
associated with the longitudinal vibration of a rod which 
is free to move in the longitudinal direction are deter-
mined by solving the wave equation 
( 9) 
along with the boundary conditions given in equation (7). 
Note that equation (9) corresponds to equation (5) when 
P(x,t) = 0 and the stress-strain relation is given by 
(10) 
where 
E = modulus of elasticity 
= ~u = uniaxial strain in the rod. Exx ax 
P(x,t) = 0 corresponds to free (unforced) vibration of 
the rod. The relation ~x = Elxx results in a linear 
elastic vibration with no damping. 
Assume variables separable and express the displace-
ment of the rod in the form 
u(x,t) = f(x)g(t). (11) 
Substituting equation (11) into equation (9) gives 
f 11 ( X ) g ( t ) = ~f ( X ) g 11 ( t ) ( 12 ) 
where 
2 
f" (x) = d 2f(x) and 
dx 
g"(t) = d2 dtzg(t) 
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Dividing equation (12) by f(x)g(t) separates the variables 
and results in the expression 
f" (x) _e.g" (t) _ 
f(x) - E g(t) - -~ 
where A is a real constant. 
If A> 0 t that is A = Al2 where xl is real t then, 
f 1 " (x) +Xfr1 (x) = o. 
Solving for f 1 (x) gives 
f 1 (x) = c 1sinA.1x + c 2cosX1x. 
If A< O, that is A= -A2 
2 
where A2 is real, then, 
f 2"(x) -X2
2 f 2 (x) = o. 
Solving for f 2 (x) gives 
If >.._ = 0, then 
f 3"(x) = o. 
Solving for f 3 (x) gives 





Using superposition and the relations given in equations 
(14) through (16) an expression for u(x,t) is obtained in 
the form of 
u(x,t) = (c 1sin~1x + c 2cosA1x)g1 (t) + (17) 
A X -~ X 
+(c3e 2 + c4e 2 )g2(t) + 
+ (c 5x + c 6 )g3 (t) • 
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Using the stress-strain relation given in equation 
(10) in the boundary conditions given in equation (?) 
results in the expression 
au ox = 0 when x = 0 and x = L. 
Differentiating equation (17) with respect to x gives 
When x - 0 
~ = 0 = c1~1g1(t) + (cJ- c4)A2g2(t) + c5gJ(t) 
This relation holds if 
(19) 
. . ou 
Hence for the boundary cond1t1on ax = 0 when X= 0 to 
hold, 
When x - L, 
~~ = 0 = (-c 2A1 sin~L)g1 (t) + 
"2L -AzL 
+ c 3~(e -e )g2 (t). 
This relation holds for the non-trivial case if, 
c 3 = sin~ L = 0 
(20) 
The solution for A1 is given by 
for (n = 1,2,J, ••• m) (21) 
where m can be taken as large as required. 
Using superposition and equations (19) and (20) an 
expression for u(x,t) is obtained in the form of 
m 
where 






fn(x) corresponds to the displacement configuration of the 
system vibrating in its nth natural mode. g 0 (t) repre-
sents a rigid body translation in the x-direction. 
Equation (22) expresses the deflection at any point 
in the rod in terms of the normal modes of the rod and the 
normal coordinates gn where (n = 1,2,J, ••• m). 
Differentiating equation (22) with respect to x gives 
the strain at any point in the rod in terms of the normal 
modes of the rod and the normal coordinates. This can be 




Let the stress-strain relation associated with each 




~ - ~(x,t) = uniaxial stress associated with 
the th n- normal mode. 
€n - €n(x,t) = uniaxial strain associated with 
the th n- normal mode. 
~ - modulus of elasticity associated with the 
th 
n- normal mode. 
vn = equivalent viscous damping coefficient 
associated with the nth normal mode. 
This formulation of the stress-strain relation is based 
on the discussion given by Kolsky (1963, P• 159-160). 
Using superposition the total uniaxial stress at any 
point in the rod may be written in the form 
m m 
cr (x,t) = XX L~(x,t) ~ .L [En~n + "~n] vn~ (25) 
n=1 n=1 
In order to be suitable for analysis using the nor-
mal mode method, the expression given in equation (6) for 
the external pressure load acting on the rod must be ex-
panded into a Fourier cosine series in terms of the inde-
pendent variable x. This can be done as follows. 
Note from equation (6) that P(x,t) is written in such 
a form that the independent variables x and t are separa-
ble. Referring to Churchill (1963, p. 96) the Fourier 





for n = 0,1,2,3, •••• 
Let p(t) in equation (6) represent the external pres-
sure load acting on the rod as a function of time. Then 
0
0
(x) represents the relative magnitude of the load at any 
point along the rod per unit length. Applying the defini-
tion of the Dirac delta function equation (27) takes on 
the form 
- L2 [limlh1cosn1fxdxJ h+O h L 
0 
(28) 
for n = 0,1,2,3, •••• 
See Churchill ( 1958, p. 26-27) for a discussion of t.he 
Dirac delta function. 
Evaluation of the integral in equation (28) results 
in 
a = ~ 
n L for n = 0,1,2,3, •••• 
This is consistent with the results obtained by Snowdon 
( 19 6 8 ' p • 148 ) • Equation (26) can then be written in the 
form m 
0 (x) = 1 + 2 \cosn11"Lx • 
0 L LL 
n=1 
Hence equation (6) can be written in the form 




Substituting the expressions for displacement [equa-
tion (22)], stress [equation (24U, and external pressure 





The equality statement in equation (32) holds if 
pg~(t) = plt) 
and n~V ~2E pg~(t) + L2 ng~(t) + n L2 ngn(t)= 2pft) 
(33) 
for (n = 1,2,3, ••• m). 
where 




Note that the number of terms included in the series 
expressions is the finite integer m. Although the value 
m can theoretically be taken as large as desired and in 
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the limit m can approach infinity, the physical problem 
suggests that there is some finite value ML such that for 
m>ML the mathematical expressions as formulated are no 
longer appropriate. This will be examined in more detail 
later in the analysis. 
The stress-impact loading on the end of the rod at 
x = 0 is given by Norris (1967, p. 300). Norris showed 
that the shape of the experimentally determined pressure 
load as a function of time could be closely approximated 
using a trapezoidal shaped approximation for the purpose 
of analyzing the response of the rod. This approximation 
is shown in Figure 3, where 
p 0 = 44.5 psi (34) 
t1 = 60 J.Lsec. 
t2 = 180 J-Lsec. 
t3 = 240 J.Lsec. 
The approximate pressure loading as a function of 
time shown in Figure 3 can be expressed mathematically 
in the form 
where 
p(t) 
U(t-ti) = unit step function 
for i = 1,2, and 3· 
(35) 
Po (--)(t-t )U(t-t ) 
t1 3 3 
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the stress-impact condition, expressions for g 0 (t) and 
gn(t) can be obtained using Laplace transforms. Applying 
the Laplace transformation to equations (33) and (35), 










g ( s) 
0 
- e + e 
(36) 
En(s) = dependent variable in the transformed 
space for (n = 0,1,2, ••• m). 
s = independent variable in the transformed 
space. 
en 





These substitutions have been used to show the correspond-
ence of the relation given in equation (33) with the equa-
tion of motion describing the vibration of a single degree 
of freedom spring-mass-dashpot system. For example, 
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substitution of the above relations for kn• en, and mn 
into equation (33) results in the expression 
(37) 
which corresponds to the equation of motion for a single 
degree of freedom spring-mass-dashpot system. See for 
example Church (1963, p. 77). 
In the process of arriving at the expressions g 0 (s) 
and gn(s) in equation (36) the following equalities were 
used: 
for (n = 0,1,2,3, ••• m). 
(38) 
Since the rod (see Figure 2) is considered to be initially 
at rest, from equations (8) and (22) 
and 
u(x,O) = g 0 (0) + ~ cos~xgn(O) = 0 
n=l 
~~u(x,O) = g~(O) + ~cosn~xg~(O) 
n=l 
= 0 
These relations hold for the equalities in equation 
The inverse transform of g 0 (s) is given by 
The inverse transform of gn(s) is given by 











[gn(t~i = tJ~d Uo ti (r)ctr}(t-ti) 
tni (r) = ~-an~sin~d~)(t - ti -~) 
fori= 0,1,2, and 3, 
wnd =~W~ - a,2 n 
t = 0 0 
Using equation (22)' (41), and (42) the solution 
u(x,t) is given by 
u(x,t) 
I(i) = -{2 cos~(i + ~) 
for 0 :S. X~ L 
0 :S t :S t1 when k = 0 
t1 :s t ~ t2 when k = 1 
t2 !St ~ t3 when k = 2 




B. Energy Methods Approach 
To show how the relations given in equation (4J) can 
be determined using energy methods, the equations of mo-
tion expressed in terms of the normal coordinates, g (t), 
. n 
given in equation (JJ) will be derived using the energy 
methods approach of the normal mode method. This is done 
to show the relationship between the differential equa-
tions approach and the energy methods approach. The ener-
gy methods derivation which follows is based on the proce-
dure presented by Hurty and Rubinstein (1964, p. 278-284). 
th The n-- Lagrange equation of a system with m degrees 
of freedom is given by 
where 
for (n = 0,1,2,J, ••• m). 
gn = gn(t) = normal coordinates 
T = kinetic energy function 
(44) 
U = strain energy function 
R = dissipation function 
th Nn = n-- generalized external force in the nor-
mal coordinate system 
and where the dot over a variable indicates differentia-
tion with respect to time. 
Express the kinetic energy, strain energy, and dissi-
pation functions in the form 
where 
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T = r.ffip(~) 2dz dydx (45) 
u 
- tfJ [{to-~)( tfn)dz dy dx (46) 
R 
- tf f i(~cr~) (~aa;:)dz dy dx (47) 
u = u(x,t) given in equation (22) 
z = lateral coordinate in plane of rod cross-
section 
y - lateral coordinate in plane of rod cross-
section 
m 
= \ CT~ ~ (48) 
From equation (25) 
a-n. = EnEn (49) 
and 
Substituting the relations given in equations (49) 
and (50) into equations (45), (46) and (47) results in 
the £ollowing expressions for the kinetic energy, strain 
energy, and dissipation functions 




Note that the relation 
corresponds to the cross-sectional area of the rod. 
For the purpose of applying the relation given in 
equations (51), (52), and (53) in equation (44) the rela-
. aT aT au aR 
t1ons ~ --- and --.- are determined next. 
ogn. agn t 3gn t agn 
(54) 
where the dot over a variable indicates differentiation 
with respect to time. Substituting equation (22) into 
equation (54) gives 
OT 
= fAJJt:igi) ( ~:i~)dx a--gn 
Noting that 
ag. 1 0 if i ~ ::-r- = n agn 
= 1 if i = n 
(55) 
J4 
equation (55) can be written as 
Interchanging the order of integration and summation 
Utilizing the condition of orthogonality of normal mode 
functions 
L L fnfidx = 0 for i .;i n 
and substituting the relation for fn and fi from 
equation (22) 
!L = pA(L~os2(n~x)dxJ~ 
Performing the integration 
aT pALo for (n 1,2,J,,,.m) ~ = 2 gn = gn 
(56) 
• 
= fALgo for n = 0 • 
Since T is not a function of gn, 
= 0 for (n = 0,1,2,), ••• m) • (57) 
~~n = ~A ([(t~i Ei)(t::~) + 
+ (~Ei)(~Ei==~ )}x 
J5 
(58) 
Substituting the relations from equation (2J) into equa-
tion (58) gives 
(59) 
where the prime symbol on a variable indicates differen-
tiation with respect to the variable x. 
Noting that 
ag. 




= 1 if i = n 
equation (59) can be written as 
Interchanging the order of integration and summation 
Utilizing the condition of orthogonality of normal mode 
functions and substituting the relation for fn and fi from 
equation (22) 
()U [JL n 2.,2 n17"x J Zlgn = ~A 
0 
L 2 sin2(---y:-}dx gn 
Performing the integration 
n2'7f2E A 
n for (n = 1,2,), ••• m) (60) 
= 0 for n = 0 • 
(61) 
Substituting the relations from equation (23) into equa-





= 0 if i 'I n 
= 1 if i = n 
equation (62) can be written as 
(62) 
J7 
Interchanging the order of integration and summation 
Utilizing the condition of orthogonality of normal mode 
functions and substituting the relation for fn and fi from 
equation (22) 
Performing the integration 
n27(2y A 
n • for (n = 1,2,J, ••• m) (6J) 
- 0 for n = 0 
The relation for Nn is determined as follows. Let a 
discrete set of point forces F(xj,t) where j = 1,2, ••• , q 
act on the rod. The virtual work equation is given by 
(64) 
Noting that, from equation (22), 
m 
8 u ( X • , t ) = 'f . ( X • )Sg . ( t ) J ~ 1 J 1 
1=0 
and substituting into equation (64) gives 
J8 
(65) 
The expression for the virtual work in terms of the gener-
alized forces Ni is given by 
m 
Ow= \' N-Sg. (t) L 1 1 
i=O 
(66) 
Interchanging the order of summation in equation (65) and 
comparing equations (65) and (66) 
(67) 
Comparing like coefficients in equation (67) 
For the case of interest in this discussion q = 1 and 
x 1 = 0. That is, a force is applied at the end x = 0 of 
the rod. Hence, 
Nn = F(t) = p(t)A 
= F( t) cos (nft'Lx )l 
Jx=O 
for (n = 0,1,2, ••• m). 
Substituting equations (56), (57), (60), (6J) and (68) 
into Lagrange's equation (44) results in 
(68) 
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n2.rr2v n21f2E 2p(t) pg;; ( t) + n g;(t) + L2 ngn(t) (69) L2 = L 
for (n = 1,2,3, ••• m) 
and 
pg~ ( t) = E~t} L 
for n = 0 
which corresponds to the set of equations (33) derived 
using the differential equations approach. 
Performing the integration in equation (43) results 
in the expression 
where 
k 
u(x,t) = p ?:-D 1( + _1) (t-ti)3 + 0 y2cos~( i 
t1pL G 2 6 
1= 
+ 2~cos~G (t-t ) L(J.} n 1 
n=1 nd 
-
-<t (t-t.) [ e n 1 . (J~ s1n c.Jnd ( t-ti) 
sinYn = ~ 
n 
for 0 S x S L 
0 S t ~ t 1 when k = 0 
(70) 
t 1 ~ t ~ t 2 when k = 1 
t 2 ~ t ~ t 3 when k = 2 
t 3 ~ t when k = J 
n = 1,2,J, ••• m. 
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Examination of equation (70) indicates that u(x,t) is 
continuous for (0 ~ x ~ L and t ~ 0) and that u(x,O) = 0. 
Differentiating u(x,t) given in equation (70) with 
respect to t gives 
where 




k -·~_g_ \ -{icosff( i+l.) [< t-tj ) 2 + 
t1pL L 2 2 2 
i=O 
rn n1T'x 




-l'L ( t- t i ) ft \ ( t- t . ) "V J 
e -n cosrund 1 - In 
- wn 
~X ~ L 
~t ~ t1 when k = 0 
t1 == t ~ t2 when k = 1 
t2 ~t s tJ when k = 2 
tJ St when k = J 
n = 1,2,J, ••• rn. 
( 71) 
Examination of equation (71) indicates that v(x,t) is 
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continuous for (0 s x ~ L and t ~ 0) and that v(x,O) = 0. 
The solution given in equation (70) can be verified 
as a solution to the boundary value problem prescribed in 
equations (5), (7), (8), (25), (JO), and (35). Details 
of the verification are given in Appendix A. 
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IV. FREQUENCY DEPENDENT N~TERIAL PROPERTIES 
In deriving and solving the equations of motion in 
the preceding analysis, the stress-strain relation was 
formulated such that the material properties En and Yn 
are functions of the normal modes. For free vibration a 
natural frequency is associated with each normal mode. It 
is then possible to relate the material properties En and 
Yn to this frequency of vibration. 
A widely used method for presenting the properties 
of materials with material damping is in the form of the 
complex Young's modulus defined by 
where 
El = storage modulus 
E2 = loss modulus 
i = -V-1 
This form is based on the stress and strain being har-
monic, that is 
and 
where 
,.,.. ,.,.. iw t 
v = voe 
c iWt 
E. = ~ oe 
<To = stress 
fe = strain 
amplitude 
amplitude 
w = frequency of vibration 
t = time 
4J 
The relation between stress and strain under these condi-
tions is given by 
CF = ( E1 + i Ez ) E • 
A. Equivalent Viscous Damping 
As discussed by Scanlan and Mendelson (196J), the 
complex modulus representation serves well to give the 
desired damping effect for the case of sinusoidal forqed 
motion, however for the case of free vibration use of the 
complex modulus representation can give rise to a physi-
cally unrealizable solution. This is particularly impor-
tant when using the normal mode method since the set of 
independent equations obtained correspond to the equations 
of motion for a single degree of freedom system with 
spring, mass, and damping elements. 
The concept of equivalent viscous damping described 
by Tse, Morse, and Hinkle (196J, pp. 174-179) and by 
Crandall (196J) provides a means of determining the tran-
sient response of such a system. 
by 
where 
Consider the relation between stress and strain given 
CT= E£+ ydE 
dt 
a-= stress 
£ = strain 





= equivalent viscous damping coefficient 
= strain rate 
Let € = € 0 eiWt, and substitute this expression for 
strain into equation (72) to get 
a-= EE0 eicJt + ic.JV€0 eiWt. 
Combining terms 
Hence 
G"= (E + icJV)E. 
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Compare the expression (E + iWV) with the expres-
sion for the complex Young's modulus (E1 + iE2 ). Note 
that for the case of sinusoidal vibration 
E + iwV = E1 + iE2 
and consequently 
and 
B. Relation of Material Properties to Mode and Frequency 
Since E1 and E2 are typically functions of frequency 
for viscoelastic materials, E and V can be expressed as 
E(w) = E1 (w) (7J) 
and 
(74) 
Hence, if E1 and E2 are known as functions of frequency,
 
the values of E and V can be determined as functions of 
frequency. 
In order to transform these properties into a form 
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suitable for use with the normal mode method, the proper-
ties must be converted from a continuous function of fre-
quency to a discrete function of frequency. The following 
procedure has been used to accomplish this conversion. 
From equations (36) and (37) the undamped natural 
frequency of each mode for the longitudinal vibration of 
a finite rod which 1s free to move in the longitudinal 
direction is given by 
Wn = n~§ for (n = 1,2,3, ••• m). 
Writing En as a function of the frequency Wn 
(75) 
for (n = 1,2,3, ••• m). 
Equations (73) and (75) may then be solved simultaneously 
for each normal mode to obtain the modulus of elasticity 
and undamped natural frequency for each normal mode. This 
has been done graphically in Figure 4 for the material 
properties of polyethylene to be used in this study. The 
intersection of these curves for each normal mode estab-
lishes the value of E associated with that mode and the 
undamped natural frequency, ~n• of that mode. 
The value ofWn determined above was then used to 
define the value of V associated with each mode. That is 
v - Ez(Wn) 
n- c.J 
n 
for (n = 1,2,3, ••• m). 
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Figure 4. Graphical Determination of Frequency Dependent 
Material Properties 
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equivalent viscous damping described by Crandall (196J, 
p. 184). 
The curves shown in Figure 4 showing the storage mod-
ulus (E1 ) and the loss modulus (E2 ) as a function of fre-
quency were obtained from the following relations given by 
Norris (1967, p. 299) for the material properties of poly-




c (W) = 21,500 + 17J6log1 oc.J 
= 28,800 ips. 
for c<2B,GOO ips. 
otherwise 
tan(¢V2 ) = J.OOx1o-6 for JOO ~ ws 11,000 cps. 
c 
c (W) (
_IE 2 + E 2\t 






V. NUMERICAL ANALYSIS 
In order to compare the results of this analysis with 
the experimental and analytical results presented by 
Norris (1967), the solution for the velocity as a function 
of the position along the rod and the time is written in 
the form 
v(x,t) = Jt1 2 ~£ 
- t L ~~n(x,t) 
Po fL 1P n=1 
(77) 





for (n = 1,2,J, ••• m). 
Three positions along the rod x 1 2 = 3L, 3L, and L (i.e. 10, 
20, and JO inches) will be evaluated over the range of 
time 250 ~ t :S 1600 J-Lseconds for comparison with the corre-
sponding results given by Norris (1967). 
As mentioned previously the value of m can theoret-
ically be taken as large as desired and in the limit 
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m can approach infinity. However the physical problem 
suggests that there is some finite value ML such that for 
m > ML the mathematical expressions as formulated are no 
longer appropriate. Hence there is a practical limit to 
the number of terms that need be considered in the series 
solution based on the following factorsa 
1. In the derivation and solution of this problem the 
effects of geometric dispersion have implicitly 
been neglected. As discussed by Kolsky (1963, 
pp. 54-65) this simplifying assumption is appro-
priate when the wave length for longitudinal vi-
brations is larger than the radius of the rod. 
These conditions are satisfied for the low fre-
quency components of the normal mode solution. 
However for high frequency components where the 
wave length is of the same order of magnitude or 
less than the radius of the rod, geometric dis-
persion becomes a significant factor in the prob-
lem solution. 
2. As will be shown later the series solution given 
in equation (77) is convergent when m-.o.. Since 
the high frequency components of the series solu-
tion have less effect on the series sum as m 
increases, the series may be truncated at some 
finite value of m without significantly changing 
the results. This is particularly significant 
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since the experimental error and analytical 
approximations introduced into the material prop-
erties and loading conditions may introduce a 
greater error than the error resulting from trun-
cating the series solution. 
J. There is a practical limit on the time and money 
required to perform the calculations. 
A. Error Bound for Truncated Series Solution 
As a means of evaluating the accuracy of the solution 
resulting from truncating the series solution after m 
terms of the series have been considered, an error bound 
associated with the finite number of terms used in the se-
ries solution will be determined. 
With reference to equation (77) note that 
and 
• 
Substituting the expressions for ~d and Wn from 
equations (36) and (42) 




Noting that ~(t) can be bounded with respect to the vari-
ables n and t, the series given in equation (77) is uni-
formly convergent for 0 ~ x ~ L and t > t 3 • For reference 
see Taylor (1955, pp. 596 and 552). 
Forming the series of the expressions in equation 
(78) and applying the rules for absolute values from 
Taylor (1955, p. 86) 
Consider the case where m~oo then 
lt~pLZ~n (x, t>j ~ t:pLt ltn (x, t>l 
:S J; /3n(t)(~z} · 
(79) 
(80) 




-\ f3 ( t )l. L n n2 
n=1 
Taking the absolute value of both sides of equation (81) 
results in 
Since 
equation (82) can be written in the form 
~t~pL~tn(x,t)\ -~t~L~~n(x,t)\1 (8J) 
~ Sm(t)lt~2 -t~2~ 
n=1 n=1 
As indicated by Churchill (1963, p. 99) 
e>O 
I:~2 = ~2 
n=l 
(84) 
Hence the error in neglecting terms greater than m in the 
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series solution given in equation (77) is given by 
ERROR =/t(t)l~ -~ ~1 (85) 
for OsxsL and t>tJ 
where -~~t-tJ) 
f3m<t} 8Le = 
2 -v ~ 2' 1f t1 Em 1-(~) 
B. Calculational Methods 
The equations 
~ = E1 <wn> 
obtained from equation (7J), and 
En= ~wn2 
which is equation (75) were solved simultaneously using the 
method of successive approximations to determine Eh and ~n 
for n=1,2,), ••• m. The graphical solution to this set of 
simultaneous equations is shown in Figure 4. The value of 
Vn was then calculated using equation (76}. The series so-
lution given in equation (77) was evaluated for m=JO at the 
three locations x-§L, jL, and La and for values of time, t, 
between 250 f.Lsec. and 1600 f.Lsec. at 50 J-Lsec. intervals. 
The computations were carried out using a Fortran IV com-
puter program. Programming methods were based on informa-
tion given by Cress, Dirksen, and Graham (1968); and by 
Organick (196)}. The computer program is listed in Appen-
dix B. Computer program nomenclature is given in Appendix 
c. 
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VI. RESULTS AND DISCUSSION 
Results of the analysis presented in this investiga-
tion are shown in Figures 5, 6, and 7 along with the 
experimental results given by Norris (1967). Figure 5 
shows the response of the rod at the location x = 10 
inches (10 inches from the pressure impact end of the 
rod). Similarly Figure 6 shows the response of the rod at 
the location x = 20 inches. 
In Figures 5 through 7 the solid curve corresponds to 
the experimental results given by Norris (1967), and the 
broken curve corresponds to the analytical results 
obtained in this investigation. Note that for x = 10 
inches (Figure 5) and x = 20 inches (Figure 6) the analyt-
ical results obtained in this study and the experimental 
results given by Norris are in close agreement. In addi-
tion, the results obtained from this analysis correspond 
with the analytical results given by Norris for the loca-
tions x = 10 and 20 inches. 
Figure 7 shows the response of the rod at the loca-
tion x = 30 inches (the end of the rod away from pressure 
impact end). Note that for the location x = JO inches the 
analytical results obtained in this study and the experi-
mental results given by Norris differ by a factor of 
approximately two. In addition, the results obtained from 
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cal results given by Norris for the location x = JO 
inches. 
58 
The analysis performed by Norris results in a pro-
gressive wave solution. Such a solution is appropriate 
for the case of a semi-infinite rod. Hence stress wave 
reflection at the free end of the rod is not accounted for 
in the progressive wave solution. As discussed by Kolsky 
(1958, p. 609) and Kolsky (196J, pp. 44-46) at the free 
end of the rod, the particle velocities will be twice 
their corresponding value when the pulse is traveling 
along the bar. 
If the results of Norris' analysis for x = 30 inches 
are doubled to account for the stress wave reflection, his 
results would correspond with the analysis performed in 
this study. 
To further investigate this situation, a solution to 
the problem has been derived in Appendix D for the case 
of no material damping and no viscoelastic dispersion, 
that is, for perfectly elastic material properties. Hence 
vn = 0 for (n = 1,2,J, ••• m) 
and 
for {n = 1,2,3, ••• m). 
Results of the analysis for the response of the rod 
with perfectly elastic material properties are shown in 
Figures 8, 9, and 10 for the locations x = 10, 20, and 30 
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for the rod with viscoelastic material properties are also 
shown in Figures 8, 9, and 10 for comparison. 
Hence the analytically predicted response of the rod 
with perfectly elastic material properties providesa 
1. Additional support for the fact that at the free 
end of the rod, the particle velocities will be 
twice their corresponding value when the pulse is 
traveling along the bar. 
2. A means for determining to what extent material 
damping and viscoelastic dispersion effect the 
response of the rod. 
Based on the standing wave solution to the problem 
obtained in this investigation and the above discussion, 
the author would expect the magnitude of Norris• experi-
mental results for x = JO inches to be twice the value 
given by Norris. 
The author feels that the difference might be attri-
buted to instrument calibration at the end of the rod x = 
JO inches. In Norris' experiment Faraday-principle veloc-
ity pickups were used at the locations x • 10 and 20 
inches along the rod. A capacitor pickup was used at 
x = JO inches. 
As stated by Norris (1967, p. JOl) "The 
capacitor pickup was calibrated statically, 
making use of its d-e response. Output was lin-
ear over the displacement range used in the 
polymer tests. The capacitor gap was set at 
0.035 in. for the test displacement of about 
0.005 in." 
Norris (1967, p. JOO) also states that "The output of 
of the capacitor was differentiated to yield velocity." 
See Figure 1 for a schematic diagram of Norris' experimen-
tal arrangement, 
Note that the complete instrumentation system used at 
the location x = JO inches (ie. capacitor pickup, feed 
unit, differentiator, and oscilloscope) was not dynamical-
ly calibrated. On the other hand, the instrumentation 
systems used to determine the stress-impact boundary con-
dition and the response of the rod at the locations x = 10 
and 20 inches were dynamically calibrated. 
Consequently the author feels that the differences 
between the analytical results obtained in this study and 
Norris' experimental results for the response of the rod 
at x = JO inches could be attributed to the fact that the 
instrumentation system used by Norris to detect the 
response of the rod at this location was not dynamically 
calibrated. 
The error bound for the truncated series solution 
given by equation (85) is shown graphically in Figure 11. 
The absolute magnitude of the error bound decays exponen-
tially with time. For t :::> 700 J-Lseconds the error in trun-
cating the series solution after JO terms can be shown to 
be small enough so that the solution Y/p 0 graphs are un-
affected by considering additional terms. If the assurance 
of greater accuracy should be required for t < 700 
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~econds, more terms of the series may be considered. 
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VII. SUN~~RY AND CONCLUSIONS 
The longitudinal vibration of a finite rod with mate-
rial damping and frequency dependent material properties 
was examined. The normal mode method was used to obtain a 
standing wave solution to the experimental problem de-
scribed by Norris (1967). The equations of motion were 
derived and solved using both the differential equations 
approach and the energy methods approach of the normal 
mode method. 
The effects of material damping and frequency depend-
ent material properties were considered in the analysis by 
formulating the stress-strain relation for the material so 
that the modulus of elasticity and an equivalent viscous 
damping coefficient are functions of the normal modes and 
consequently are functions of the frequency of vibration. 
A method for converting material properties which are a 
continuous function of frequency to the appropriate set of 
discrete functions of frequency was presented. 
The solution was written in a form suitable for com-
parison with the results given by Norris (1967). A com-
puter program was written to calculate values of this nor-
mal mode solution in order to compare the results with 
those given by Norris. 
For the location x = 10 and 20 inches along the rod, 
the analytical results obtained in this study using the 
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normal mode method are in close agreement with experimen-
tal and analytical results given by Norris. However, for 
the location x = JO inches the analytical results obtained 
in this study using the normal mode method differ by a 
factor of approximately two from the experimental and ana-
lytical results given by Norris. 
If the results of Norris' analysis for the location 
x = JO inches are doubled to account for stress wave 
reflections at the free ends of the rod, his analytical 
results would then correspond with the analytical results 
obtained in this study. Based on the standing wave solu-
tion obtained in this investigation by using the normal 
mode method, the author would expect the magnitude, V/p 0 , 
of Norris' experimental results for x = JO inches to be 
twice the value given by Norris (1967). The author feels 
that this difference might be attributed to the fact that 
the instrumentation system used by Norris (1967) to detect 
the response of the rod at the location x = JO inches was 
not dynamically calibrated. 
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APPENDIX A 
VERIFICATION OF SOLUTION 
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Verification that the solution given in equation (70) 
is a solution to the boundary value problem prescribed in 
equations (5), (7), (()), (25), (JO) and (J5) is given in 
the following discussion. 
As mentioned previously, examination of equation (70) 
indicates that u(x,t) is continuous for 0 ~ x s L and 
t ~ 0, and that u(x,O) = 0. In addition, examination of 
equation (71) indicates that du(x,t) is continuous for 
bt 
0 :S X S L and t ~ 0, and au (X, 0) = 0. 
at 
Using equations (2J), (25) and (70) the expression 
for the stress ~x(x,t) is given by 
where 
m 
= L<~~ + 
n=1 
En(x,t) = - ~:pLti(i){Lzt'ct)l sinn~x }Gn(t-ti) 
1=0 
aEn (x' t) 
at = 
k 
2po \I ( i) (nrr Vsin ntrx) _d_G.:;.::n_<_t_-_t.:..i_) 
t1pL~ Luhd}\ L dt 
and where Gn(t-ti) is defined in equation (70) and 
dG (t-t.) is defined in equation (71). n 1 
dt 
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0 ~ X :S L 
0 s t s:; t1 when k = 0 
t1 s; t s t2 when k = 1 
t2 ~t s tJ when k = 2 
tJ ~t when k = J 
n = 1,2,J, ••• m. 
Examination of the above equation indicates that 
a: (x,t) is continuous for (0:::;; x s Land t ~ 0) and that XX 
a;x<o,t) = ~x(l,t) = o. 
Hence the boundary conditions given in equations (7) 
and (8) are satisfied by the solution given in equation 
( 70). 
ou(x,t) 
Differentiating at given in equation (71) with 
respect to t gives 
where 
for 0 :S X s;L 
0 :St ~ t1 when k = 0 
t1 ::s t ::5 t2 when k = 1 
t2 '5 t ~ tJ when k = 2 
tJ $ t when k = J 
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n = 1,2,), ••• m • 
Differentiating ~x(x,t) with respect to x results in 
a~x(x, t) 
ax 
for O!SXS L 
Os.t~ t1 when k = 0 
t1 ::s t .s t2 when k = 1 
t2 ~ t :S tJ when k = 2 
tJ s;t when k = J 
n = 1,2,J, ••• m. 
o2 u ao-xx Substituting the equations for 2 , along with at ax 
equations (JO) and (J5) into equation (5) and combining 
terms results in the expression 
Lm n11'x 2 cos--r:;-i.3flct 
n=1 
Po [k I(i) vt-t.) + 
t L 1 1 1=0 
+ 2 ~cos*[-~·' 2G ( t-t. ) + L Wnct --n n 1 
n=1 
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This expression holds if 
for n = 1,2,), ••• m. 
d2G(t-ti) 
Substituting the expressions for , dt2 
dG(t-ti) 
___ .:;:..._, and 
+ e -"'f,(t-ti) sin[~d(t-ti)-2J'n] 
- 2sin'Yncosyn + 
+ 2sinl'ne-Oh(t-tilcos[~d(t-ti) 
+ ~d( t-ti) • 
Combining terms gives 
e -<llt,(t-ti)[sin[~d(t-ti)-2J'n] + 
+ 2sin)ricos~d(t-til-)riJ] • 
dt 
+ sin2Yn + 
Expanding and using trigonometric identities gives 
£or n = 1,2,J, ••• m. 
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Hence the equation of motion given by equation (5) is 
satisfied by the solution given in equation (70) when the 
external pressure load P(x,t) is given by equations (30) 
and (35). The solution given in equation (70) has then 
been verified as a solution to the boundary value prob-
lem prescribed in equations (5), (7), (8), (25), (30), and 
(35). 
APPENDIX B 




PROGRAM G0700 (INPUT,OUTPUT,TAPE1=INPUT,TAPE2=0UTPUT) 













IF (I.EQ.6) GO TO 3 
IF (J.EQ.l) GO TO 2 
DIF=ABS(EI(J)-EI(J-1)) 
IF (DIF.LT.10,0,0R,J,GE,20) GO TO 3 
2 OlViEGA= ( R*P I/EL) *SQRT ( EI ( J) /RHO ) 
C=21500,+l736.*ALOG10(0MEGA) 
J=J+1 
GO TO 1 





















DO 9 N=l,JO 
H=N 
Q(N)=H*PI/EL 
IF(N.LT.6) GO TO 5 co 
~ 
E1(N)=E1(6) 











DO 8 1=1, 3 
VS(L,K)=VS(L,K)+Z(N)*COS(Q(N)*X(L))/(WD(N)*W(N)) 
GO TO (11,12,lJ), 1 
11 SUM(L)=SUM(L)+COS((H+1.)*PI)/H**2 




GO TO 8 
13 SUM(L)=SUJ.Yi(L)+COS(H*PI/3. )/H**2 
8 CONTINUE 
WRITE(2,25) N 
DO 9 il'l=l, 3 
VT(M)=3.*T1/(RHO*EL)-(2,j(Tl*RHO*EL))*VS(M,K) 
CAB= ABS(TOT(M)-SUM(M)) 




21 FOffiv~T (4E18.8) 
22 FORMAT (*O*,*I=*,I2,*J=*,I2,3X,*DIF=*,El8.8) 
23 FORN~T (1X,*E1=*,E18,8,*E2=*,E18,8,*0MEGA=*,El8.8) 
24 FORlVlAT (*O*,*T=*,E18.8) 
25 FORN~T (3X,*N=*,I2) 
26 FORN~T (6X,*X=*,F5.1,3X,*VT=*,E18.8,3X,*ERR=*,E18,8) 



















































































































COIYlPUTER PROGRAM NOMENCLATURE 
Variable or Constant Corresponding 
Used In Variable or Constant 
Computer Program Used In Analysis 
T • • • • • • • • • • • • • • • • • • • • • • • • • • • • • .t 
Tl. • • • • • • • • • • • • • • • • • • • • • • • • • • • 
T 2 • ••• I •••••••••••••••• I ••••••• t 2 
T 3 • • • • • • • • • • . • • • . • • • • • . • . • • • • • • t 3 
RHO • ••••••••••••••••••••••••••• p 
EL • •••••••••••••••••••••••••••• L 
N • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
PI ••• • • • • • • • • • • • • • • • • • • • • • • • • • 
W(N). • • • • • • • • • • • • • • • • • • • • • • • • • 
WD(N) • • • • • • • • • • • • • • • • • • • • • • • • • 
A (N). • • • • • • • • • • • • • • • • • • • • • • • • • 
G(N) • • • • • • • • • • • • • • • • • • • • • • • • • • 
X ( J) • • • • • • • • • • • • • • • • • • • • • • • • • • 
El ( N ) ••••••••• a •••••••• • • • • • • • 
E2 ( N ) ••••••••••• I ••••••••••••• 










SOLUTION FOR PERFECTLY ELASTIC MATERIAL PROPERTIES 
The solution given in the preceding investigation was 
for a rod with viscoelastic material properties. In this 
appendix the solution will be derived for the same problem 
except that the material properties assumed for the rod 
will be perfectly elastic. 
The elastic solution presented in this section will 
be derived in a manner similar to that given by Churchill 
(1958, PP• 121-123). 
The boundary value problem for the longitudinal 
vibration of the rod with elastic material properties can 
be written as 
for ( 0 < x < L, t > 0) 
u(x,O) = au(x 2 0) = 
at 
0 for (0 :S: X ~ L) 
~x(O,t) = - p(t) for (t 2: 0) 
OXx(L,t) = 0 for (t 2: 0) 
a-xx = EExx for (0 <x < L, t ~ 0) 
where 
u = u(x,t) - displacement of rod 
~X = ~x(x,t) = uniaxial stress in rod 
E.xx = E.xx<x,t) = "u~x 1 t} = uniaxial strain in 
ax 
rod 
co 2 = E/p 
p(t) = pressure load acting on rod 
E =modulus of elasticity 
P= density of material 
x = position along rod 
L = length of rod 
t = time 
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The Laplace transform of u(x,t) satisfies the follow-
ing conditions 
s 2tr(x,s) 
au( 0, s) = 
ax -
p(s)./E 
atr{ L, s) = 0 
'ax 
where 
u(x,s) = displacement of rod in transformed 
space. 
p(s) = pressure load acting on rod in trans-
formed space. 
The solution of this transformed problem can be written in 
the form 
c cosh[cs (x-L~ 
u(x,s) - 0 p(s) 0 L 
E s sinh(L) 
co 
Noting that 
cosh[ c';;-<x-L ~ ~ 
sinh(sL) 
co 
and from equation (35) 
[ 
_cs x 
e o + 




p(s) = G_P_o ..:;.e_-_t_o_s_-...;.e_-_t_1_s_-....;;e;;..-_t_2_s_+_e;...-_t_J_s_J [tl s2 
the expression for u(x,s) can be written in the form 
where 
u(x,s) C 0 P0 ~ ~ . [1 [ H1 (x,s) 
= Et1 ~~1(1) ;3 e + 
n=O i=O 
I ( i) = -{Zcos'[( i + ~) 
H1 (X, s) = - ~o [co ti + 2nL + X] 
H2(x,s) =- ~0 [c 0ti + 2(n + l)L- x] 
se 
Applying the inverse transform in order to find the dis-
placement, results in 
where 




h· J - t· 1 + 
= t· + 1 
(t-h1)2 
2 




--u( t-h2 ) 
1 for t ~ h· J 
0 for tc::::. h· J 





j = 2 
k = 0 for to :s t ~ tl 
k = 1 for tl ~ t!:: tz 
k = 2 for tz ~ ts t) 
k = 3 for tJ ~t 
Differentiating the displacement with respect 














(X = l.L, 0 ~ t -< ~ ) 
3 3c 0 
3 




(x = ~L, 0 < t < 4L ) 
- Jco 
v(x,t) = _1_ ~Iiil(t-t·-
Po pcoL t1 1 
i=O 
(x = L, 0 s t <: 2f....) 
co 
v(x,t) = ____ 1 __ t2Iiil(t-t·- 1-)u(t-t·- L ) 
Po pco tl l Co l Co 
i=O 
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These solutions apply for a rod with perfectly elastic 
material properties. Hence material damping and visco-
elastic dispersion are not considered in these solutions. 
